I. INTRODUCTION
T IME-REVERSAL (TR) imaging has already found applications for the localization of targets embedded in random media [1] - [8] . For localization in random media, mainly the decomposition of the time-reversal operator (DORT) and time-reversal MUSIC (TR-MUSIC) techniques or their variations are employed. TR imaging process is carried out in three steps. The first step is the transmission of probing signal toward the unknown target embedded inside an unknown medium and then recording all reflected and backscattered signals from the target and the medium at the receivers. The second step is to time-reverse the recorded signals. The third and crucial step is refocusing of the time-reversed received signals into a computational medium that effectively represents the unknown, original medium, and it is expected that the refocused signals converge at the true location of the target. An array synthesis technique for concentrating electromagnetic wave energy into an unknown medium was proposed in [9] and [10] . However, in this letter, we are only interested in using TR as an imaging tool for target localization rather than array synthesis. The interpretation of the TR operator (TRO) as a covariance matrix [11] allows various beamforming techniques, such as robust Capon beamformer (RCB), to be implemented for TR using multistatic measurement data. The DORT and TR-MUSIC are subspace-based techniques that require eigendecomposition of the TRO into two orthogonal signal and noise subspaces. On the other hand, the TR-RCB method estimates the array weight vectors [12] that are robust against mismatch of medium Green's function for TR refocusing step. The conventional elementspace TR-RCB has already been explored for biomedical imaging applications for the localization of embedded targets in biological tissues [13] , [14] . In this study, we consider single target localization in a continuous random medium. In conventional TR-RCB, the imaging is mainly performed in elementspace, whereby the output data from individual sensor elements is directly used in the imaging process. The elementspace processing usually leads to high-intensity clutter spots, thus resulting in location ambiguities. Hence, we require techniques that can improve over the elementspace TR-RCB imaging performance.
In this letter, we propose eigenspace-TR-RCB (E-TR-RCB) and Beamspace-TR-RCB (B-TR-RCB) algorithms for improved localization performance in continuous random dielectric media. The E-TR-RCB can be obtained by projecting the array weight vector onto the eigenspace of the TRO so that the eigenspace is orthogonal to the noise subspace of the TRO, thereby significantly reducing the clutter signature and improve resolution. Eigenspace processing also improves convergence and reduces error sensitivity of the RCB [15] , [16] . On the other hand, the B-TR-RCB is derived by projecting the elementspace multistatic data onto the beamspace to potentially reduce computational complexity, improve resolution threshold, and increase robustness against sensor perturbations [8] , [17] . To the best of our knowledge, neither the beamspace nor the eigenspace versions of TR-RCB have been reported so far in the literature.
The letter is organized as follows. In Section II, we discuss the formulation of the proposed B-TR-RCB and E-TR-RCB. The numerical formulation for electromagnetic scattering from two-dimensional (2-D) continuous random media is provided in Section III. The numerical results and analysis are presented in Section IV, followed by conclusion in Section V.
II. TR-RCB IMAGING
Consider an antenna array consisting of N elements that radiates into a 2-D bounded region containing P (P < N) infinitesimal targets. The N × N multistatic matrix of the medium formed using distorted Born approximation can be expressed as
where (.)
T denotes transpose, G is an N × P matrix of the background medium's Green's function vector, and Y is a P × P diagonal matrix representing the scattering strengths of the targets. Thus, the TRO T can be obtained as [13] 
where (.) H denotes Hermitian transpose.
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A. Elementspace TR-RCB
In elementspace TR-RCB, the raw data recorded at each element of the array is processed separately. A robust estimation of the array weight vector is obtained by minimizing the noise variance, which can be simplified as
whereg is the background medium's Green's function vector and ϕ ≥ 0. We can solve (3) using Lagrange multiplier methodology to estimate g and obtain its scaled version based on constant norm assumption asĝ = g g / g [13] . The TR-RCB array weight vector in elementspace is given by
Finally, the TR-RCB imaging function in elementspace is obtained as
B. Beamspace-TR-RCB
In Beamspace-TR-RCB, the output at each antenna array element is first applied to a beamformer whose output will be processed further for imaging. The space spanned by the beamformer output is called beamspace. Thus, an additional beamforming gain is provided that improves the imaging performance as compared to elementspace. We employ full dimensional beamspace in the receiving mode using conventional discrete Fourier transform (DFT) matrix beamformer expressed as
where
. This is equivalent to spatial sampling of the incoming waveforms and the beamspace multistatic matrix can be expressed as
Consequently, the beamspace TRO is formed as
The beamspace projection of the Green's function vector can be obtained asg
In order to avoid any trivial solution g B = 0, we assume that g B > ϕ. The Lagrange multiplier, γ ≥ 0 for B-TR-RCB imaging can be obtained from
Now, an estimation of g B can be expressed as
To further avoid trivial solution in beamspace domain, scaling of g B is carried out usingĝ
The imaging function of B-TR-RCB is given by
where w B can be obtained by substituting (8) and (12) into (4). 
C. Eigenspace-TR-RCB
Eigenspace-TR-RCB processing is carried out by projecting the elementspace data onto a reduced dimensional subspace called the eigenspace. The vector space of TRO, C N , can be expressed as the direct sum of orthogonal signal subspace S and noise subspace N , i.e., C N = S ⊕ N , where S ⊥ N . The two subspaces can be obtained through eigendecomposition of the TRO
Here, Λ S is a diagonal matrix of the significant eigenvalues The corresponding array weight vector can be expressed as
where μ = 1/(ĝ H T −1ĝ ). The Green's function vector forms the orthonormal basis for the signal subspace eigenvectors that are, in turn, orthogonal to the noise subspace eigenvectors. This makes the contribution from the product of noise subspace and the Green's function vector insignificant in (15) . Recognizing this and rearranging (15), we obtain the eigenspace array weight vector as its projection onto the eigenspace of the TRO as
We can then obtain E-TR-RCB imaging function by substituting the weight vector from (16) into (5).
III. EM SCATTERING FROM CONTINUOUS RANDOM MEDIUM
Here, 2-D FDTD technique is used with perfectly matched layer absorbing boundary to calculate the scattered fields from a 2-D continuous random medium whose dielectric variation has a Gaussian profile. The spatial dielectric variations in the medium can be expressed as ε(r) = ε m (r) + ε σ (r), where ε m is the mean dielectric constant and ε σ (r) is a zero mean Gaussian random variable characterized by its standard deviation and spatial correlation length [18] . The two different realizations of such continuous random medium used in this study are shown in Fig. 1 . In both the cases, we fix ε m = 5.5. However, the spatial variance of the dielectric constant, ε σ is 0.075 ε m for Fig. 1(a) and 0.15 ε m for Fig. 1(b) . The correlation lengths are 0.4 and 0.8 m, respectively. The medium in Fig. 1(a) is excited using two differentiated Gaussian pulses: 1) a center frequency 0.65 GHz and 3-dB bandwidth of 0.3-1.0 GHz, and 2) a center frequency 0.325 GHz with a 3-dB bandwidth 0.15-0.5 GHz, mainly to investigate the effects of excitation pulse.
We consider the random medium to be lying along the xy-plane and employ TM−z polarization. We employ a 15-element uniform linear array of line sources with an element spacing of 0.05 m to record the backscattered field data from the medium. The locations of the array elements are indicated by the black markers in Fig. 1 . The FDTD grid size is Δ = 5 mm, and a dielectric target of radius 5 cm is inserted at x = 0.25 m, y = 1.25 m for the case in Fig. 1(a) and x = −0.4 m, y = 1.5 m for the case in Fig. 1(b) . The scattered field is obtained by subtracting the incident field from the total field. The incident field refers to the field received in a homogeneous medium where the dielectric constant is the mean permittivity of the random medium [18] .
IV. RESULTS AND ANALYSIS
For the refocusing of time-reversed fields, an equivalent computational homogeneous background medium with a known Green's function is required. To compute the Green's function, it is assumed that the computational homogeneous medium represents an average equivalent property of the original random medium, and further we assume that the mean dielectric constant of the original random medium is known [2] .
Let us first consider the medium in Fig. 1(a) with the first excitation having a 3-dB bandwidth 0.3-1.0 GHz. The results are shown in Fig. 2(a)-(d) , where all the images are normalized with respect to the highest imaging intensity whose dynamic level is adjusted from 0 to −15 dB for the ease of comparison. The estimated locations by both TR-RCB and B-TR-RCB fall close to the edge of the inserted dielectric target as indicated by the highest intensity images. One can also observe presence of bright clutter spots in Fig. 2(a) due to elementspace TR-RCB, but reduced clutter spot intensity is observed due to the use of B-TR-RCB in Fig. 2(b) . The image obtained by the E-TR-RCB is shown in Fig. 2(c) , in which not only the correct location of the target is estimated, but also significant reduction of the clutter intensity. This is due to the effective elimination of the noise-subspace contribution by the eigenspace processing. When eigenspace projection of the array weight vector is used for E-TR-RCB, nulls are produced for corresponding clutters, and as a result, the clutter spots are highly suppressed in E-TR-RCB image. For comparison sake, as shown in Fig. 2(d) , we also compute an image using DORT technique since it is robust against clutter, although its resolution is low.
We also observe similar trends when the second excitation pulse with a 3-dB bandwidth 0.15-0.5 GHz is used. However, in this case, we observe a slight deterioration of the resolution that is expected with the use of lower frequency band. Now we consider the medium in Fig. 1(b) with higher variance and correlation length of the dielectric constant. The imaging results are provided in Fig. 3 for the first excitation pulse having a 3-dB bandwidth 0.3-1 GHz. In this case also, we observe that the E-TR-RCB outperforms both TR-RCB and B-TR-RCB techniques. However, when the same excitation pulse bandwidth as used in Fig. 2(a)-(d) is employed, we observe wider main lobe, as can be seen in Fig. 3(a)-(d) . This can arise due to higher variance of the dielectric constant variation of the medium in Fig. 1(b) as compared to the medium considered in Fig. 1(a) . However, the clutter spot intensity is weaker in Fig. 3 Fig. 2(a)-(d). (b) Fig. 2(e)-(h) . (c) Fig. 3(a)-(d) . Fig. 2 . This is the consequence of large correlation length of the medium used in Fig. 1(b) as compared to that of Fig. 1(a) .
The cross range comparison among the imaging techniques as shown in Fig. 4 readily confirms the superiority of E-TR-RCB. In  Fig. 4 , the center of the target is indicated using the black vertical line. We also compute peak-to-sidelobe ratio (PSLR) for all the images in Figs. 2 and 3 in order to provide a clear comparison among DORT, TR-RCB, and the proposed B-TR-RCB, E-TR-RCB, as tabulated in Table I . In all the cases, we observe that E-TR-RCB yields superior images while B-TR-RCB obtains lower clutter spot luminosity than conventional elementspace TR-RCB. DORT technique, although robust, suffers from poor range resolution that may create ambiguity regarding precise location of the target. The E-TR-RCB on the other hand shows a highly focused bright intensity at the target location.
In order to investigate the effect of medium mismatch, we also carried out imaging where the homogeneous computational medium permittivity varies up to 50% of the mean permittivity of the random medium. It is found that E-TR-RCB is quite robust, while TR-RCB is the most affected among the imaging techniques considered here. It is also observed that the TR image focal point shifts away from the antenna array with increasing dielectric constant of the computational medium.
V. CONCLUSION
We have proposed E-TR-RCB and B-TR-RCB for localizing dielectric targets embedded in a 2-D continuous random dielectric medium. Numerical results are obtained with different medium characteristics, and excitation pulses clearly demonstrate that the proposed E-TR-RCB and B-TR-RCB significantly improve the imaging performance over the conventional TR-RCB and DORT imaging techniques. Evidently, E-TR-RCB outperforms the other localization techniques considered here in terms of accuracy, resolution, and PSLR for targets embedded in continuous random media. Although a single target is considered in this letter, our technique can be extended for multiple targets without any loss of generality provided that there are sufficient degrees of freedom available. In such scenarios, compressive sensing can be quite attractive to exploit the resulting signal sparsity in order to reduce computational burden [19] .
